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Abstract. Wc define the concordance crosscap number of a knot 
as the minimum crosscap number among all the knots concor- 
dant to the knot. The four-dimensional crosscap number is the 
minimum first Betti number of non-orientable surfaces smoothly 
embedded in 4-dimensional ball, bounding the knot. Clearly the 
4-dimensional crosscap number is smaller than or equal to the con- 
cordance crosscap number. We construct two infinite sequences of 
knots to explain the gap between the two. In particular, the knot 
74 is one of the examples. 



1. Introduction 

We work in the smooth category. Let K be a knot embedded in the 
3-sphere S 3 . It can bound various orientable or non-orientable surfaces 
in S 3 or in the four-ball B 4 with dB A = S 3 . 

For orientable surfaces, one studies the genus. The genus g(K) of a 
knot K is the minimum genus among all the orientable surfaces that 
K bounds in S 3 and the slice genus g*{K) is the minimum genus of 
orientable surfaces that K bounds in B A . From the viewpoint of the 
concordance group, one can define the concordance genus g c (K) as the 
minimum genus in the concordance class of K. It is easy to see that 
g*(K) < g c {K) < g(K). In response to the question asked by Gordon 
PP, Nakanishi explained the gap between g*(K) and g c {K) in The 
relation among these knot invariants are also investigated by Livingston 

in ma. 

For non-orientable surfaces, instead of the genus, the first Betti 
number is taken as an invariant. The crosscap number j(K), also 
known as non-orientable genus, of K is defined to be the minimum 
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first Betti number of non-orientable surfaces in S 3 bounding K. See 
[21 HU EH El El for studies on this invariant. The 4- dimensional cross- 
cap number ^*{K) is the minimum first Betti number of non-orientable 
surfaces in the 4-ball B A bounding K. Some results on 4-dimensional 
crosscap number by Murakami and Yasuhara can be found in jT2]. In 
this paper we define the concordance crosscap number ^ C {K) as the 
minimum crosscap number among all the knots concordant to K, and 
study the gap between 7* (if) and 7 c (if). 

We give a necessary condition for pretzel knots of type P(4—p,p, 2n— 
p) and P{— 1 —p,p, 2n — p) to have concordant crosscap number 1, and 
construct a series of knots such that there exist infinitely many knots 
with 7* (if) < j c (K). In particular, the knot 7^ is one of the examples. 

2. Preliminaries 

Two knots K and ifi in the 3-sphere S 3 are called concordant if 
they cobound an annulus in S 3 x [0, 1] with Kq and K\ in S 3 x {0} 
and S 3 x {1} respectively. Concordance is an equivalence relation and 
the set of the equivalence classes forms an abelian group, the so called 
concordance group. The concordance crosscap number is defined from 
this point of view. 

Given a Seifert surface F bounding K, one can associate a Seifert 
matrix V to it. The signature o~(K) of if is defined to be the signature 
of the symmetric matrix V + V T , i.e. o~(K) = sign(V + V T ). It is well 
known that the knot signature is a concordance invariant [13j. 

Given a surface bounding a knot, not necessarily orientable, one can 
associate a Goeritz matrix with it, see for example 0. Gordon and 
Litherland in [5 j gave a simple algorithm to calculate the knot signa- 
ture, expressed as the signature of the Goeritz matrix corresponding 
to the knot plus a correction term. 

Lemma 2.1 ( 5J). Let F be any surface bounding a knot if . Then the 
signature cr(K) can be calculated out of the Goeritz matrix Gp and the 
normal Euler number e(F), namely we have 

a(K)=sign(G F ) + ^e(F), 

where e(F) := -\k(K,K'). Here K' := dN(K)DF and N(K) denotes 
the regular neighborhood of the knot K . 

Note that the normal Euler number vanishes for an orientable surface 
F. In this case, the result conforms to the original definition. 

In [2] Clark introduced the crosscap number, a knot invariant from 
a non-orientable viewpoint. The following result is well known. 
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Lemma 2.2 ([2J. A knot if has crosscap number 1 if and only if it is 
a (2, n) -cable knot. 

Definition 2.3. The concordance crosscap number of a knot if, de- 
noted by 7 c (if), is the minimum crosscap number among all the knots 
in the same concordance class as if. 

The 4- dimensional crosscap number, or non-orientable 4-genus 
7* (if) is the minimum first Betti number of non-orientable surfaces 
in B A bounding the knot if. The concordance crosscap number can 
be regarded as a bridge to relate the 4-dimensional invariant and the 
3-dimensional one. 

Remark 2.4. By convention, the crosscap number of the unknot is de- 
fined to be for completeness. So if the knot if is a slice knot, we 
define 7* (if) = j c {K) = 0. 

Clearly 7* (if) < 7 c (if) < 7(if)> an d the inequalities are best possi- 
ble. 

Proposition 2.5. Let if be a (2, p) -cable knot with p 7^ ±1. Then 
7 *(if)= 7c (if)=7(if) = l- 

Proof. It is known that 7 (if) = 1 by Lemma l2~2] and we will prove that 
7* (if) 7^ 0. Suppose that if is the (2,p)-cable of a knot, then it bounds 
a twisted Mobius band, whose corresponding Goeritz matrix is the 1 by 
1 matrix (p), and whose normal Euler number is — 2p. By Lemma [2. II 
we have <r(if) = sign(p) — p. Then cr(if) 7^ since p 7^ ±1, and if is 
not a slice knot. Then 7* (if) > 1 and the proof is finished. □ 

Then we ask whether some knot exists such that all knots in its 
concordance class have crosscap numbers bigger than the 4-dimensional 
crosscap number of if, i.e. whether there exists a knot if with 7* (if) < 
7c(if). 

3. Examples constructed from Seifert surfaces 

Consider the knot illustrated in Figured] We denote it by if (4, 2n,p), 
where p is an odd number and n e Z denotes the number of the full 
twists on the right band. It is easy to see that the knot diagram actually 
represents the pretzel knot P(4 — p,p, 2n — p). 

By adding a twisted band as illustrated in Figure0 the knot if (4, 2n,p) 
is changed into a ribbon knot. To see this, consider the indicated fis- 
sion band in Figure which gives an unlink. Reversing the fission 
process, one will see a fusion band intersecting two disks bounding the 
unlink in arcs. Since the ribbon knot is a slice knot , the disk in B 4 
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Figure 1. K(4,2n,p) 




Figure 2. Untwisted by adding a twisted band 

that it bounds and the twisted band together give a first Betti number 
1 non-orientable surface in B A bounding the knot K(4,2n,p), and we 
have 7*(iT(4, 2n,p)) < 1 immediately. 

Theorem 3.1. J/7 C (K(4, 2n,p)) = 1, there exists some odd number I 
such that the following equalities hold. 

p 2 — 8n = I 2 when 8n — p 2 < 0, 
3(8n — p 2 ) = I 2 when 8n — p 2 > 0. 



Proof. The Goeritz matrix Gp p „ of the knot K(4, 2n, p) with respect to 
the Seifert surface under a generator system {a, b}, indicated with 
oriented dashed lines in Figure El of the homology group ifi(F p ri ; Z) is 
( 4 -p\ 

of the form „ Since the surface F„ „ is orientable, then the 

\-p 2n J p ' ' 

normal Euler number e(F pn ) is and the signature of K(4,2n,p) is 

just the signature of the Goeritz matrix Gp according to Lemma I2~T1 
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Figure 3. Fission band giving an unlink 




Figure 4. Generator system {a,b} 

Note that the value of signGp is determined by the sign of the 
2x2 matrix's determinant, i.e., signG^ = when det Gf pu < 0, and 
signGF p , n = 2 when detG Fpn > 0. 

When , y c (K(A,2n,p)) = 1, there exists a knot K' concordant to 
K(4,2n,p) with 'y(K') = 1. So K' is a 2-cable of some knot by 
Lemma f2. 21 and o~(K') = sign(g) — q by the proof of Proposition 12.51 
Due to the fact that the signature is a concordance invariant, we also 
have a(K(4:,2n,p)) = cr(K'). Then by the above discussion a(K') = 
sign(g) — q G {2, 0} and a calculation we obtain the following values: 

\q\ = 1 when det Gp < 0, 
q = 3 when det Gp p n > 0. 

On the other hand, by concordance it is well known that the knot 
K(4:,2n,p)#(—K') is a slice knot where —K 1 denotes the mirror im- 
age of K' with a reverse orientation. Then we have the Alexander 
polynomial A(K(A, 2n,p)#(-K 7 )) = A(K, 2n,p)A(K') = /(^/(r 1 ) 
for some polynomial f(t) with /(l) = 1 (see [3]). It follows that 
det(K') det(K(4, 2n,p)) = I 2 for some odd number /, where det(K), 
the determinant of the knot K, is equal to |A#(— 1)|. It is also known 
to be the order of the first homology group of double branched cover of 
S 3 branched over K, and so we have det(K(4,2n,p)) = | det Gp | = 
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FIGURE 5. Knot 74 and unknotting of 74 by adding a 
twisted band 

|8n — p 2 \. Thus \8n — p 2 \ ■ \q\ = I 2 , and precisely speaking 

{p 2 — 8n = I 2 when 8n — p 2 < 0, 
3(8n-p 2 ) = l 2 when 8n - p 2 > 0. 

□ 

Corollary 3.2. For any odd number p, there exist infinitely many n 
for which the concordance crosscap number of the knot K(4,2n,p) is 
greater than 1 and 4-dimensional crosscap number equal to 1. 

Proof. In the case of 8n — p 2 > 0, we have a(K(A, 2n,p)) = 2, and so 
the knot K(4, 2n,p) is not slice. Then we have 7*(K(4, 2n,p)) = 1, and 
7 C (K(4, 2n,p)) > 1. By Theorem 13. II for a knot with 7 c (K(4,p, 2n)) = 
1 and 8n—p 2 > the equality 3(8n — p 2 ) = I 2 holds. Then the number 
3 either becomes a common divisor of 8n and p, or divides neither 8n 
nor p. While there exist infinitely many n with 3 dividing only one of 
8n and p, in which cases 3(8n — p 2 ) cannot make a square for those n, 
therefore a contradiction arises. The result follows. 

□ 

Therefore Corollary 13.21 gives examples demonstrating the gap be- 
tween the 4-dimensional crosscap number and the concordance cross- 
cap number. One can also discuss the knot of type K(— 4, 2ra,p) with 
reverse twists on the left band in the same way. Note that the crosscap 
number of the pretzel knot P(ii,i 2 , ■ ■ ■ ,i n ) with all Pi odd is shown 
to be n in [7j. Then we know 7(^(4, 2n,p)) = j(K(— 4, 2n,p)) = 3, 
but we cannot say whether the concordance crosscap number of knot 
i^(4, 2n, p)(oi K(—4:,2n,p)) is 3 or not. 

Remark 3.3. The knot K(-4, -4, -1) = P(-3, -1, -3) is knot 7 4 in 
Alexander-Briggs' notation . 
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Figure 6. K(-l,2n,p) 




Figure 7. Unknotting by adding a twisted band 

4. Examples constructed from non-orientable surfaces 

Consider the knot K(—l,2n,p) illustrated in Figure which is a 
pretzel knot of type P{— 1 — p,p,2n — p). Here the n and p are the 
same as in Section 3, but in order to make our statement clearer and 
more succinct we only discuss the case with n > 0. The case K(l, 2n,p) 
with n < can be realized by taking a mirror image, and discussed in 
the same way. It is obvious that 7*(X(— 1, 2n,p)) < 1 since it can be 
unknotted by adding a half twisted band [H] . See Figure 

Note that the knot K(—l, 2n, ±1) is actually the torus knot T(2, 2n+ 
1) with 7* = 7 C = 7 = 1 by Proposition 12.51 

Theorem 4.1. If j c (K(—l,2n,p)) = 1, there exists an odd number I 
such that [2n + p 2 ) (2n + 1) = I 2 when n > 0. 

Proof. The knot diagram bounds a non-orientable surface F' vn with 
normal Euler number — 4t2,. The Goeritz matrix Gf> corresponding to 
the non-orientable surface with the indicated basis {a, b} (see Figure^) 

of the homology group Hx(Fp n ) is of the form ( ^ ^\ . Thus with 

n > we have det Gp> n = —2n — p 2 < 0, and hence det K(—l, 2n,p) = 
2n + p 2 . By Lemma 12.11 a(K(—l. 2n. p)) = —2n since signGpv n = 
due to the negative sign of the matrix determinant. 
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If 7c(K(— 1, 2n,p)) = 1, through a similar argument as the knot of 
type K(4,2n,p), it is concordant to the (2,2m + l)-cable of a knot 
K', with signature cr(K') = sign(2m + 1) — (2m + 1) and determinant 
det(-FC') = 2m + 1. By concordance we have — 2n = sign(2m + 1) — 
(2m + 1) which gives us the equality n = m by a calculation. Then the 
determinant of K' becomes 2n + 1, and therefore there exists some odd 
number / such that detifdet K(— 1, 2n,p) = (2n + l)(2n + p 2 ) = I 2 
holds. 

□ 

Remark 4.2. Through the proof of Theorem 14. II we know that the sig- 
nature of the knot K(—l, 2n,p) is — 2n, and so different value of n gives 
us different concordance class of the knot type K(—l, 2n,p). Therefore 
we can cover as many concordance classes as necessary. 

Corollary 4.3. For any odd number p ^ ±1 there exist infinitely many 
n for which the concordance crosscap number of the knot K(—l, 2n,p) 
is greater than 1 and 4-dimensioanl crosscap number equal to 1. 

Proof. By Theorem 14.11 with n > we have (2n + p 2 )(2n + 1) = I 2 if 
j c (K(— 1, 2n,p)) = 1. In this case a(K(— 1, 2n,p)) < 0, thus the knot 
K{— l,2n,p) is not slice and j*(K(— 1, 2n,p)) = 1. It is well known 
that infinitely many primes are in the set {2m + l|2m + 1 > p 2 } = 
{2n + p 2 \n G Z + }. It is clear that 2n + 1 cannot be divided by 2n + p 2 , 
which confirms that those (2n + p 2 )(2n + 1) with prime 2n + p 2 cannot 
make a square. Therefore for the knots K(—l,2n,p) with those n the 
concordance crosscap numbers are greater than 1. Then we have the 
proof. □ 

Remark 4.4. In [7] the pretzel knot P(i\,i2,- ■ ■ ,i n ) with one ij~ even 
and other odd is shown to have crosscap number n — 1. So for the 
knots in Corollary 14.31 we have ^ C {K{— 1, 2n,p)) = 2 since j(P(—l — 
p,p, 2n — p)) = 2 for any (p, n). 

In conclusion there are also numerous knots of type K(—l, 2n,p) with 
concordance crosscap number larger than their 4-dimensional crosscap 
number. 
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